Multilocal higher-order invariants, which are higher-order invariants defined at distinct points of representation space, for the classical groups are derived in a systematic way. The basic invariants for the classical groups are the well-known polynomial or rational invariants as derived from the Capelli identities. Higherorder invariants are then constructed from the former ones by means of total derivatives. At each order, it appears that the invariants obtained in this way do not generate all invariants. The necessary additional invariants are constructed from the invariant polynomials on the Lie algebra of the Lie transformation groups.
and what are the general criteria? The problem, though interesting in itself, appears in problems related to the existence of invariant kernels [7] and partial differential equations and, in particular, is raised among others in computer vision [3, 16, 20, 24] and in numerical algorithms related to symmetry [18] .
One way to answer this type of question is to study invariants for the extended action of G on higher-order tangent vectors located at distinct points of the manifold. Such invariants will be called multilocal differential invariants because they are defined at distinct points of the manifold and also depend on the higher-order differential structure of curves in M through the distinct points. The natural setting for these problems seems to be multispace and multijet space. Such invariants appear under different names in the literature, in particular, as semidifferential invariants [24] and as joint invariants [19] .
In this paper, we restrict attention to the local problem and to invariants which are typically curve invariants. This implies that the invariants are meant to be evaluated locally along curves. The development of the same ideas to submanifolds is not considered here. Nonetheless, it turns out that the invariants yielding the key information are tensors on jet bundles and hence, the results are suitable for generalization to the theory of submanifolds.
For each of the groups, we start with "point invariants," namely, invariant functions defined on the zero-order jet space over the manifold. For the linear transformation groups on R n , these invariants are derived from the Capelli identities and are found in the classical literature on the subject [9, 25] . The point invariants are, as one expects, orbit invariants on multispace, which is an r -fold product of the representation space with itself. Invariants, depending on higher-order tangent vectors, are then defined on appropriate jet bundles over these products. The simplest example is given by the standard action of SO(3) on V = E 3 .
Let Ᏹ 2 = V 1 × V 2 be the multispace. With x as variable on the first factor and y as variable on the second, the functions ᏽ(x, x), ᏽ(x, y), and ᏽ(y, y) are the well-known invariants of this action. ᏽ stands for the Euclidean quadratic form on V . The rank of multispace equals 2, which is the smallest number of factors needed for the orbits to have maximal dimension. Taking the firstorder jet bundle over the first factor gives the space J 1 V 1 × V 2 . The invariants, together with their total derivatives, yield the set {ᏽ(x, x), ᏽ(x, y), ᏽ(y, y), ᏽ(ẋ, x), ᏽ(ẋ, y)}. The set thus obtained is not maximal, one lacks an invariant function in order to have a complete set. The missing function is the wellknown Euclidean metric function on the first-order jet bundle, namely ᏽ(ẋ,ẋ).
There are several ways to derive this function.
(1) Because the action is linear and extends linearly to the tangent space, we may reapply the Capelli identities to the variables (x, y,ẋ). (2) We may construct the space
equipped with the variables x,ẋ, y, z,ż. The total derivative with respect to the third factor of the invariant ᏽ(ẋ, z) yields ᏽ(ẋ,ż). The equivariant embedding  :
given by z = x,ż =ẋ then yields the desired invariant namely  * ᏽ(ẋ,ż). (3) Because the orbits of SO(3) are diffeomorphic to the group, they carry the invariant metric determined by the translation of the Killing form on the orbits. An invariant Riemannian metric on Ᏹ 2 is found by means of the construction of an invariant bundle transversal to the orbits. The metric results from the Killing form on the orbits and the choice of an Euclidean metric in the transversal bundle which is taken orthogonal to the orbits. Consider the generating vector fields ) is invariant, we find the extra invariant ᏽ(ẋ,ẋ). In this paper, we show that this happens at each level for all the classical groups. The same approach is then applied.
The results of the present paper can be summarized as follows. On the firstorder bundle, we find, besides the zero-order invariants and their first-order prolongations, an additional set of functionally independent invariants which, together with the former ones, generate the sheaf of invariant functions. We show that, if formulated properly, these additional invariants are related to the invariant polynomes on the Lie algebra of the transformation group. Hence, they are symmetric tensors on the orbits of the group in the zero-order jet bundle. In this sense, they relate directly to the geometry of the orbits of the group in zero-order space. The same procedure then repeats at each order. The dimension of the space upon which the group acts is crucial at each step. For each of the groups, we follow the same procedure and present some aspects of the geometry involved.
The following transformation groups are treated: (1) the Euclidean group, Eucl(n); (2) the similarity group, Sim(n); (3) the symplectic group, Sym(n); (4) the volume-preserving group, Vol(n); (5) the affine group, Aff(n); (6) the projective group, Pl(n); and (7) the conformal group, CO (1) (n) . In each case, we only consider the standard action.
For each of the groups from (1) to (5), we examine the action of their linear part and construct the invariant sheaf. Then, by means of a homogenization procedure, the sheaf of invariants for the transitive groups is found. Remark that the following groups are semisimple: SO(n), O(n), Sp(n), Sl(n), Pl(n), and CO (1) (n). Furthermore, the results for CO(n) are derived from SO(n) and those for Gl(n) from Sl(n) by projectivization of a set of generators of the invariant sheaf.
In the first section, we review the basic results on invariants for the classical linear groups such as given in the classical book of Weyl on the subject [25] or more recently by Fulton and Harris [9] . The subsequent sections then treat the higher-order multilocal invariants for the different groups. The Capelli construction of the invariants is a well-debated subject, and we refer to the literature [12, 23] . A different approach has been given by Olver [17, 19] , and Fels [8] in terms of moving coframes. The construction of the invariant metric in multispace, which we use here, is very close to this approach, although for the point invariants, we use the classical theorems.
Besides the relative invariants, which depend on the parameterization of the curves, we have to find a parameterization which is invariant under the induced action of the group. Such parameters are called G-invariant parameters [16] . Clearly, the construction of such parameters is not unique; there are several types of possible parameters. For example, the parameter may be determined by the integral of the kth root of an invariant function of weight k, determined on the jet bundle. But we may also determine a parameter by means of the normalization of the prolonged curve with respect to an invariant symmetric tensor field on the jet bundle. For example, in the Euclidean case, there exists a tensor field which lives on the zero-order jet bundle determining the Euclidean arc length, but, for example, in the case of a curve in one projective space, we will show that the Schwarzian derivative, which determines a projective parameter, is nothing but a normalization with respect to the Killing form on the orbit of the projective group in the second-order jet bundle. As said in former paragraphs, we will not go into a systematic examination of the existence of such invariant parameters but will give examples of such parameters.
The general setting for this paper is the C ∞ -category of manifolds and functions. Restriction to polynomials or rational functions would be more advisable in most cases, but, for our interest, the distinction is not very important. The language of sheaf theory is used, which makes the formulation easier and more elegant, but, as the reader will notice, we could also do without it at this stage. The sheafs here are sheafs of germs of C ∞ -real valued functions, which are fine sheafs, and their global analysis is outside the scope of this paper. For the Lie groups and their algebras used in this paper, we refer to Helgason [11] .
Elements of the classical theory.
Let V be the standard representation space of Gl(n) and G a subgroup of Gl(n). Let (e i ) be a basis on V ; we denote by (ξ i ) the corresponding coordinates and use ξ = (ξ i ) to indicate a point in V .
Classical invariant theory aims at constructing all polynomials P (ξ 1 ,ξ 2 ,...,ξ m ) in m variables on V which are invariant under the action of G. It is indicated to define these polynomials on the product space Ᏹ r = r α=1 V α , where each V α is a copy of V . The action of the group G on Ᏹ r is the product action. Invariant polynomes or invariant functions in m variables are polynomes or functions on Ᏹ r , depending on m factors, with r ≥ m.
Results on the invariants for the classical linear subgroups of Gl(n) are consequences of the identities of Capelli [9, 25] . We summarize the results in the form of a theorem.
Theorem 2.1 [9] . (1) The only polynomial invariants for Gl(n) and CO(n) are the constants.
(2) Polynomial invariants P (ξ 1 ,ξ 2 ,...,ξ m ) for Sl(n) can be written as polynomials in the determinants |ξ
, with ᏽ the quadratic form which determines the standard action of Sp(n) (resp., O(n)) on V .
(4) Polynomial invariants P (ξ 1 ,ξ 2 ,...,ξ m ) for SO(n) can be written as polynomials in the functions ᏽ(ξ α ,ξ β ) and |ξ
From this theorem, we easily derive rational invariants in m variables for CO(n) and Gl(n). The following theorems state the results.
Theorem 2.2. All rational functions in |ξ α
The projective group Pl(n) Gl(n + 1)/ ± e λ Id and the conformal group CO (1) (n) do not act linearly on V and hence need a different treatment.
First, consider the projective group. Let ξ α 1 ,ξ α 2 ,...,ξ αm be m variables on V and ξ k an extra variable on V . We then define
Theorem 2.4. All rational functions in The group of conformal transformations CO (1) (n) is the first prolongation of the group CO(n) [10, 22] . The group is generated by the elements of the similarity group Sim(n) and the inversions on the n sphere. As transformation on V , the conformal group is generated by the similarity group Sim(n), together with the special conformal transformations [1] 
3) Proof. The expressions in the theorem are clearly invariant for the action of the translations and the group CO(n). We only have to prove invariance for the action of the special transformations (2.3). The proof then follows from the application of the following lemma to the above functions. Lemma 2.6 [1] . Let ξ 1 , ξ 2 be two points in V . Then,
3. Multispace. Let V be as before and Ᏹ = r α=1 V α , the product of r copies of V . Ᏹ is called multispace constructed upon V . We denote by (ξ i α ) the coordinates on the αth copy in the product and call V α the α-layer of Ᏹ. The projection ρ α : Ᏹ → V α is the mapping onto the αth component. The identification of V with a specific layer is called the layer mapping, which is given by i α : V → V α , and the image projection π is defined as the superposition of the different layers upon V . In other words, π is the r -valued mapping defined by the set of r functions (ρ α ) of Ᏹ followed by the natural identification of each layer with V . Remark that πoi α = Id for each α. Remark that an arbitrary curve in Ᏹ r describes the evolution of r points in V . A generic curve in Ᏹ is, by definition, a curve containing a dense subset of generic points. A generic curve is locally projected upon r distinct curves in V by the image map. On the other hand, if a curve in V is given, many different lifts to Ᏹ r are possible. First of all, if ξ = γ(t) is a curve in V , then it is easy to see that there exists a unique curveγ(t) in Ᏹ r such that for each α, ρ α (γ(t)) =γ α (t) = γ(t). We call such curves diagonal or canonical. It describes the evolution of r coinciding points in V .
Another type of curve in Ᏹ r is defined as follows. Let ξ = γ(t) be a curve in V andξ = {ξ 1 ,ξ 2 ,...,ξ r } be r points in V such that for a given α, ξ α ∈ γ(t). Then,γ(t) : t (ξ 1 ,ξ 2 ,...,ξ α = γ(t),...,ξ r ) defines a curve in Ᏹ r . We call this curve a layer curve and ξ α the running point. Remark that the other points ξ i , i ≠ α, may or may not belong to γ. With π , the image projection, we have π(γ(t)) = γ(t) ∪ r i≠α {π(ξ i )}. In particular, a layer curve is the lift of a curve γ(t) in V if all points ξ α ; 1,...,r belong to γ(t).
In general, we would like to have a parameterization of the layer curve different from the one of the original curve in V . This brings us to the following definition. The condition thatγ is a layer curve associated with γ(t) in the αth layer can be reformulated as Im ρ α (γ) = Im(γ) and ρ β (γ) = ξ β for β ≠ α.
The construction of a general lifting of a curve is, in fact, a kind of superposition of r layer curves. Hence, we have the following definition. 
where φ is a reparameterization in the domain of the curve γ. We remark that parameterization may differ from layer to layer. Hence the lift, as a parameterized curve, is not unique; indeed, we accept the freedom to move the distinct points with a different speed along the curve. Hence, keeping the r − 1 points ξ β , with β ≠ α for a given α, fixed and ξ α as the running point determines a layer curve associated with γ(t).
Jets of curves in multispace.
Consider the set of germs of curves in V and denote this space by C(V ). Recall that germ equivalence of two curves is defined as γ 1 (t) ∼ 
In the sequel, we consider each set
called integrable if σ equals the jet of a curve at each of its source points.
is a bundle over the target space V . We call this bundle J k (V ). This bundle is equipped with the projection map β :
γ). The bundle of infinite jets is denoted by J(V ).

Again, we call a curve σ : R → J(V ) integrable if it is the infinite jet of a curve in V at each of the points of β(σ (t)).
Let ∂ t be the derivative operator on R; the total lift of this operator,
Let X ∈ ᐄ(V ) be a vector field with flow φ t . Because φ t is a local diffeomorphism on V , composition with curve mappings defines the prolonged action of the local diffeomorphism on the jet space J k (V ). Let γ(s) be a curve, then
is the composition with the local diffeomorphism for a fixed t and the action on
The following proposition, which is well known in jet bundle theory [5, 14, 15] , gives a constructive definition.
is the unique vector field on
The above definitions extend in a natural way to multijet space. Let
This operation is also defined on general curvesγ in Ᏹ r . The jet extension is applied to the αth component of the curve. It means that we consider the curve as a layer curve keeping all other components fixed. Moreover, we may extend each componentγ α to a specific jet order k α . This brings us to products of jet bundles over V , which is a bundle over the base manifold Ᏹ r . This space takes the form of the product
and is called multijet space. Points in this space are multijets of curves in V . The component J kα V α is the α-layer jet bundle.
Letγ(t) be a curve in Ᏹ r , and let p be a generic point onγ(t). A multijet of γ(t) at p defines, via the image projection, r points together with tangents up to a given order of the curve γ(t) at each of the points.
The 
is the total lift of the vector field.
The operations which have been determined on multispaces extend to multijet spaces. Call J kα V α the jet bundle over the αth layer.
(1) Let the jet bundles over the layers V k and V l be of same order. The permutation mapping ι kl : (Ᏹ) r → (Ᏹ) r is a mapping which permutes the two layers together with their jet bundles J m V k and J m V l .
(2) A diagonal in multijet space kl is defined as follows. Let J m k V k and
Then, the diagonal subspace is given by kl :
At kl , the m k jets over both components are identified. A diagonal mapping is an injection
Group actions on multispace.
Let G be a Lie group acting on V , the action being given by τ : Let g be the Lie algebra of G and (e a ), a = 1,...,dim g, a basis. The vector field κ : e a X a = Dτ(e a )| e , with e the identity in G, is a fundamental (or generating) vector field. Given the action of G on Ᏹ r , we define the singular subset Σ G = {ξ ∈ Ᏹ r | rk{X a } < dim g}, where X a is a complete set of fundamental vector fields. The regular subset is the complement ᐃ = Ᏹ r \Σ. The sheaf of germs of C ∞ invariant functions on ᐃ, Ꮽ(ᐃ), is called the invariant sheaf.
Let M be a manifold and [20] . The conditions for a set of functions to be functionally independent on a manifold are those of implicit function theorem asserting the existence of a local submanifold at p, whose tangent space is the kernel of the set of one forms {df i }. The rank k of equals the codimension of the submanifold.
Because the invariant sheaf is determined by its sections, we only need to give at each point a complete functionally independent set of germs of invariant C ∞ -functions. Such a set will be called a set of generators. We agree not to mention the passage from functions to germs. To simplify notation, we do not mention the base points of the germs either and will give a minimal set of functions needed in the construction of a maximal functionally independent set of sections of the sheaf at each point in the domain of the sheaf. Such a set of generators will be called complete. Let X a be a fundamental vector field, then f ∈ Ꮽ(ᐃ) → X a (f ) = 0, for all a. The converse is not always true. It follows that, on a regular subset ᐃ, the rank of the sheaf of germs of C ∞ -invariant functions equals the codimension of the level surface of any set of generators.
Consider the projective equivariant system
The orbit dimension is a nondecreasing function on the orbits. Let be the set of maximal orbits. We then define the order of stabilization of the action of G in the limiting system defined by Ᏹ r , for r large enough, as the rank k such that for all l > 0 : dimᏻ k+l = dim ᏻ k , for orbits in . 
is a generator in Ꮽ(ᐃ m+1 ) which does not belong to Ꮽ(ᐃ m ).
The product action of a Lie group G on Ᏹ prolongs in a natural manner to any multijet bundle (Ᏹ). Using the natural prolongation of one-parameter local diffeomorphisms on the target space to the jet bundles, we find the prolongation of fundamental vector fields of a group action. Let X a be a fundamental vector field on V ; with respect to the coordinates we set
The corresponding fundamental vector field on Ᏹ r becomes Zero-order invariants.
From Theorem 2.1, we know that each polynomial in the r (r + 1)/2 forms ᏽ(ξ α ,ξ β ) is invariant. Let ᐃ be the subset in Ᏹ r such that each ξ ∈ ᐃ is a linear independent set of points in E n .
The following properties are elementary. We present them without proof.
(2) The order of stabilization equals r = n − 1. Moreover, if r = n − 1, the polynomial invariants for SO(n) coincide with those for O(n) as a consequence of Theorem 2.1.
It follows that the subset ᐃ in Ᏹ n−1 is foliated by orbits of SO(n), and the leaves are the level surfaces of Ᏽ ᐃ . Let Ꮽ(ᐃ) be the sheaf generated by Ᏽ ᐃ in Ᏹ n−1 . Remark 6.2. Because Ᏹ r is the zero-order level in jet space, a curve γ(t) in ᐃ is lying in an orbit if and only if the invariant sheaf Ꮽ(ᐃ) restricted to γ is constant.
Let ξ = {ξ 1 ,...,ξ n−1 } be a set of n − 1 points in V . The isotropy group at ξ n−1 is the group SO(n − 1), and, by recursion, the isotropy group leaving k points fixed, say {ξ n−k ,ξ n−k+1 ,...,ξ n−1 }, is the group SO(n − k) [2] . From this, it follows that, if γ(t) is a nowhere constant layer curve such that the invariant sheaf restricted to γ(t) is constant, the image of γ(t) is locally the image of an orbit of SO (2) .
Finally, remark that, if the symmetry of the r points is taken into account, it is indicated to construct the quotient space ᐃ/, where is the symmetry group of Ᏹ r . The set ᐃ/ is parameterized by
First-order invariants. In order to construct first-order invariants, we consider multijet space (1,.. The total derivative operators in the different layers T α , α = 1,...,r commute with the product action of SO(n). Then, if φ is an invariant function on Ᏹ r , each function T α φ is invariant. T α φ is the α-layer first-order prolongation of
We construct the invariant sheaf Ꮽ (1) (ᐃ ) as the sheaf generated by the elements of
where α, β, and γ = 1,...,r , restricted to ᐃ . We remark that
and the (n − 1)(n − 1) forms ᏽ(ξ α ,ξ β ). The forms ᏽ(ξ α ,ξ β ) are linear in the variables (ξ α ), and because the points ξ β are linear independent, we find the following proposition.
Remark that the dimension of the orbits equals n(n − 1)/2 and is constant on ᐃ, while ᐃ has dimension n(n − 1).
Let -be a level surface of the invariant sheaf
by orbits of SO(n). As a consequence of former Proposition 6.3, the codimension of the orbits in -equals n − 1. This implies that we need n − 1 extra independent generators to construct the complete invariant sheaf. In order to derive n − 1 extra invariants, we construct an invariant normal bundle N(ᐃ), as subbundle of T ᐃ. This bundle is a vector bundle whose sections are transversal to the leaves and which is invariant as a subbundle under the action of SO(n).
The fundamental vector fields on Ᏹ n−1 for SO(n) are given by Because the action of SO(n) is effective on ᐃ, the group SO(n) acts trivially on N(ᐃ). Let L(ᐃ) be the subbundle of T ᐃ which is tangent to orbits and hence is spanned by the fundamental vector fields X a . We define an invariant metric on ᐃ asq 6) where K ab is the Killing form on the Lie algebra so(n).
The lift of the semi-Riemannian tensor fieldq 2 is a functionq 2 on the tangent space T ᐃ. Using the natural embedding
the function ı * q 2 is an invariant function on ᐃ . From the invariant metric, we construct invariant layer metrics. Letq α 2 be the restriction of the metricq 2 to the fibre of the α layer
(6.8)
The functionq Proof. Because differentials of the layer metrics with respect to the coordinatesξ α are linear in the fibre coordinatesξ α , we find functional independence of the layer metrics with respect to the sheaf generators of Ꮽ (1) (ᐃ ). Moreover, they are functional independent among each other which proves the proposition.
The above constructed generators of Ꮽ(ᐃ 1,...,1 ) is given by the set
and relies entirely on the existence of the Killing form on the semi simple Lie algebra of the orthogonal group. An alternative way to derive generators of the invariant sheaf is using Capelli's identities together with the fact that the action of the linear group extended to jet bundles is linear. A straightforward application of these results yields the following theorem.
Theorem 6.7. The invariant sheaf Ꮽ(ᐃ (1,...,1) ) is generated by the following set of functionally independent functions:
(6.10)
Remark that J (1,1,. ..,1) Ᏹ n−1 contains a lot of redundant information. A large part of the invariant sheaf Ꮽ (ᐃ (1,...,1) ) can be retrieved from a smaller part of the sheaf. The following proposition is a direct consequence of the prolonged group action of SO(n).
The extension of the invariant sheaf Ꮽ (ᐃ (1,...,1) ) on the subspace ᐂ is an invariant sheaf, say Ꮾ(ᐂ). With the canonical embedding 
with α, β = 1,...,n− 1.
The above results generalize to the first-order jets over several layers. We formulate this in Theorem 6.10. 15) with α, β = 1,...,n− l − 1 and σ = 1,...,l.
Remark 6.11. The expression ᏽ(ξ α ,ξ α ) is a tensor field on the α layer for each α and determines the well-known Euclidean arc length parameter along each layer curve.
Higher-order invariants. Before formulating the general case, we consider in detail the one-layer case and work by induction on the order. Let for 
generates the invariant sheaf on ᐃ l .
It is easily verified that the set is functionally independent and invariant. The cardinal number of the set equals
where Ꮽ l (ᐃ l ) is the sheaf generated by Ᏽ l (ᐃ l ). Consider the space
The prolonged sheaf is generated by
where k = 1,...,l+ 1, r = 1,...,l, α, β = 1,...,n− l − 1.
The rank of Ᏽ
Using the unique extension of the sheaf on ᐃ l+1 , we find that one generator is missing for the construction of the invariant sheaf on ᐃ l+1 . For the construction of the extra generator, we follow the same procedure as in the first-order case. Because the group action of SO(n) extends linearly to the jet bundle, the same construction for the invariant transversal bundle can be applied at each order. From the invariant Killing metric on the orbits and an invariant metric in the normal bundle, we construct a layer metric on the first layer of multijet space (l+1,0,...,0) Ᏹ n−l−1 . The construction is analogous to the constructions in Propositions 6.4 and 6.5.
Restriction of this metric to the tangent space to the jet bundle over the first layer gives us a layer metric. This metric lifts as a function on ᐃ l+1 denoted byq 1 2 . We then have the following theorem. Theorem 6.13. The invariant sheaf Ꮽ l+1 (ᐃ l+1 ) is generated by the set 20) together with a layer metricq
The construction is summarized in the following diagram:
Here, T 1 (l,0,...,0) Ᏹ n−l−1 denotes the tangent bundle to the jet bundle over the first layer.  is the diagonal embedding with image ξ r −1 = ξ r , ı the natural embedding, and ρ and π the bundle projections.
Corollary 6.14. The following two sets are equivalent sets of generators:
22)
for k, r = 1,...,l+ 1, α, β = 1,...,n− l.
Top-order invariants. The above construction works as long as n − l − 1 > 1. Then, l = n − 2 determines what we call the top order. Proceeding as above, we have the following diagram:
Notice that dim J n−2 V equals n(n − 1). Let ᐃ n−2 be the subset on which the fundamental vector fields are linear independent. The sheaf Ꮽ n−2 (ᐃ n−2 ) is constructed the same way as before. Again, prolongation of the sheaf to J n−1 V does not generate the invariant sheaf. An additional generator is constructed from the Killing form on the involutive distribution spanned by the fundamental vector fields, together with a metric in a normal invariant distribution spanned by a set of normal vector fields Y a as before. This determines an invariant metricq 2 on ᐃ n−2 . Let ᐃ n−1 be the open set in J n−1 V on which the fundamental vector fields are linear independent. Let Ꮽ(ᐃ) n−1 be the invariant sheaf generated in this way. The following theorem shows that we are really dealing with the top invariants.
Theorem 6.15. Let Ꮽ(ᐃ n−1 ) be the invariant sheaf as defined above. Then, the invariant sheaf on ᐃ n+l−1 is generated by the lth prolongation of Ꮽ(ᐃ) n−1 for l > 0.
The theorem is a consequence of the dimensions of the jet spaces involved. Remark there is no restriction here because multispace contains only one layer. 
Invariants for CO(n). The connected component of the identity of the group CO(n) is generated by SO(n), together with the dilatations
is a set of functionally independent functions on ᏼ(ᐃ) which are invariant under the action of CO(n). . Hence, the projectivization of the set
is a set of generators of the invariant sheaf for CO(n). The same method determines generators for the top-order invariants. Their order equals n − 1. We omit their derivation.
is an invariant tensorfield on the first layer determining an invariant parameterization along first-layer curves.
Remark 6.17. Dimension n = 2 is exceptional. The sheaf of zero-order invariants is the constant sheaf. The group acts prehomogeneously on V , and the origin is the singular part. Because J 1 V V 1 × V 2 , a set of generators, is given by
with ᐃ = J 1 V \{π −1 (0)}, which generate the top-order invariants. Because the group CO (2) is Abelian, the geometric structure is locally flat.
Invariants for Sp(n)
. Let ᏽ be the skew-symmetric form on V determining the symplectic structure, and e a basis of V . The dimension of V is even and equals 2n. Recall that the dimension of the group equals n(2n + 1).
Zero-order invariants. Letξ = (ξ 1 ,...,ξ r ) ∈ Ᏹ r . We know by Theorem 2.1 that the polynomials ᏽ(ξ α ,ξ β ), with α < β, are invariant under the action of Sp(n). Let ᐃ ⊂ Ᏹ r be the subset of all r linear independent points in V . We then have the following lemma.
Corollary 6.19. The stabilization order for Sp(n) equals r = 2n.
The level surfaces of Ᏽ ᐃ are submanifolds of constant dimension and, consequently, are disjoint unions of orbits. The generated sheaf is invariant and has rank n(2n−1). Each orbit is a pseudo-Riemannian manifold which inherits its geometric structure from the semi simple group Sp(n).
Higher-order invariants. We show how to construct first-order invariants; then, higher-order invariants are derived by repeating the construction the way it has been done for the orthogonal group.
Consider the following jet bundle π : the regular subset of (1,0,. ..,0) (Ᏹ r ). Then, We extend the set Ᏽ (1) (ᐃ ) on ᐃ (1,0,...,0) . We easily find that, on ᐃ (1,0,...,0) , the subset of (1,0,...,0) (Ᏹ r ), we lack one generator. In order to construct an additional invariant, we need to construct an invariant normal bundle over the orbits in π −1 (ᐃ). Let q 2 be the pseudo-Riemannian metric which, in the level sets, is given by the Killing form on the Lie algebra sp(n) and, in the normal space, by an Euclidean metric. The restriction of this metric to the tangent space of the first layer defines the layer metric q 1 2 . The lift of this metric,q 1 2 , as a function on (1,0,...,0) (ᐃ) , is an invariant function which is functionally independent from the set (6.27).
We are now able to formulate the following theorem on the regular subset ᐃ 1 = ᐃ (1,0,...,0) . ξ β ) , for any β, determines an invariant parameters along first-layer curves. In case of the top order, the invariant ᏽ (ξ 1 ,ξ 1 ) is a good candidate.
Invariants for Sl(n)
Zero-order invariants. Let V be of dimension n, and consider the standard action of Sl(n) on V . The key invariant for Sl(n) is the determinant |ξ 1 ,...,ξ n |.
The following lemma shows that the order of stabilization equals n in multispace Ᏹ r .
Lemma 6.24. Let r < n, and ᏻ an orbit of maximal dimension in Ᏹ r . Then,
Proof. The proof follows from dim Ᏹ r ≤ n(n − 1) for n > 1 and r < n.
The regular subset ᐃ of Ᏹ n is defined by the set of points ξ = (ξ 1 ,...,ξ n ) which is linear independent. Let Ꮽ(ᐃ) be the invariant sheaf generated by Ᏽ ᐃ = {|ξ 1 ,...,ξ n |}. All orbits in ᐃ are of maximal dimension. Let Γ be a connected component of a level set of Ᏽ ᐃ , then Γ is an orbit of Sl(n) and hence is a connected pseudo-Riemannian manifold. ᐃ (1,0,...,0) be the regular subset in 1,0,...,0 Ᏹ n .
First-order invariants. Let
Consider the projection π : 1,0,...,0 Ᏹ n → Ᏹ n , and let ᐃ = π −1 (ᐃ)∩ᐃ (1,...,1) . The
Let Ꮽ (1) (ᐃ ) be the sheaf generated by Ᏽ (1) (ᐃ ). We easily find that In particular, for any layer curve γ(t) in ᐃ with running point in the first layer, we find ω(γ(t)) ∈ sl (n)⊕R. Remark thatγ(t) is a point in ᐃ for fixed t. 
···×V n−l . Using Capelli's results, we find a generating set on the regular subset Because the open orbit has maximal, the stabilization order of Gl(n) equals n. Hence, the zero-order invariant sheaf is constant.
Higher-order invariants. The set of dilatations as subgroup of Gl(n) lifts linearly to any order in the jet bundle. From this, we find that the quotient space of the regular subset
by the action of d λ is the projectivization ᏼ (ᐃ (l+1,0,...,0) ) of ᐃ (l+1,0,...,0) . The projectivization of the sets formulated in Proposition 6.26 gives two equivalent sets of generators of the invariant sheaf for Gl(n). The same method determines generators for the top-order invariants. Their order equals n. We omit their derivation.
Remark 6.30. The function
which is of weight l + 1, determines an invariant parameter on ᐃ (l+1,0,...,0) .
The transitive transformation groups.
We start with the Euclidean case and then indicate how the same constructions are applied to the other transitive groups. The central key in the construction is the introduction of an extra layer in a multispace and the homogenization of the invariants with respect to the zero-order coordinates in order to make them invariant under translations.
Invariants for the Euclidean transformation group.
The orientation preserving Euclidean group is generated by SO(n), together with the translations. Let dim V = n, and consider setsξ = {ξ 1 ,...,ξ n } of n points in V such that the sets = {ξ 1 − ξ n ,ξ 2 − ξ n ,...,ξ 1 − ξ n } are linear independent. Let η α = ξ α − ξ n for α = 1,...,n− 1. We define the following multispaces:
The space Ᏹ n is equipped with the coordinatesξ = (ξ i α ), and ᏺ n−1 witĥ η = (η i α ). We define the projection ρ : Ᏹ n → ᏺ n−1 given by η α = ξ α − ξ n for α = 1,...,n − 1. Let ᐃ be the regular subset in ᏺ; we define ᐂ = ρ −1 ᐃ as subset of Ᏹ n .
Proposition 6.31. The set of generating vector fields of the Euclidean group on Ᏹ n is linear independent at each point of ᐂ.
Proof. Let X a be the generating vector fields on Ᏹ. The matrix of the components in terms of the coordinates is (A i aα ), which takes the form
where each A α is the matrix of the fundamental rotation vector fields in the layer V α . The proof follows from a rearrangement of the matrix such that
Zero-order invariants. Using the results for the orthogonal group on ᏺ, we find that the set Ᏽ ᐂ = ρ * Ᏽ ᐃ is functionally independent. Ᏽ ᐃ is the set given by Proposition 6.1. Let Ꮽ(ᐂ) be the sheaf generated by Ᏽ ᐃ . Because the level surfaces of Ᏽ ᐃ are orbits of SO(n), the inverse image of an orbit of SO(n) in ᐃ by ρ is an orbit of Eucl(n) and a level surface of Ᏽ ᐂ . Hence, the regular subset ᐂ is foliated by orbits of Eucl(n).
Higher-order invariants. Consider the first order and let n ≥ 2. We construct the projectionρ :
(1,0,...,0) (Ᏹ n ) → (1,0,. ..,0) (ᏺ n−1 ), which is given by η α = ξ α − ξ n ,η 1 =ξ 1 . Using the notations of Theorem 6.10 and defining ᐂ 1 = ρ −1 ᐃ 1 , we find that the setsρ * Ᏽ(ᐃ 1 ) andρ * Ꮿ(ᐃ 1 ) are equivalent generators of the invariant sheaf Ꮽ(ᐂ 1 ).
The same construction extends to all orders, with l ≤ n − 2, using the projectionsρ :
1 . In each case, it suffices to construct the pullback of the invariant generators on the regular subsets for SO(n).
Remark 6.32. The invariant quadratic forms ᏽ(ξ α ,ξ α ) determine the Euclidean arc length parameter along layer curves at any order.
Top-order invariants. Consider next the case l = n − 1. For the space (l,0) (Ᏹ 2 ), we have the invariant sheaf Ꮽ(ᐂ), with ᐂ the regular subset of the jet space. Construction of the first layer prolongation yields Ꮽ
(1) (ᐂ (1) ), with ᐂ
the inverse image of ᐂ. Consider next the diagonal embedding  :
The pullback of the set of generators of (1) ) by  generates the invariant sheaf on the regular subset in
We omit the construction.
Invariants for the similarity transformation group.
The similarity group is generated by CO(n), together with the translations. We use the same methods as for the Euclidean group. At zero order, we consider setsξ = {ξ 1 ,...,ξ n } of n points in V such that the sets = {ξ 1 − ξ n ,ξ 2 − ξ n ,...,ξ n−1 − ξ n } are linear independent. Let η α = ξ α −ξ n for α = 1,...,n−1. The projection ρ of ᏺ n−1 = n−1 α=1 V α to Ᏹ n = n α=1 V α pulls back the generators (6.24) . For the higher-order invariants, the same procedure applied to the set (6.25) gives the desired results. We omit the details. 
Invariants for the affine transformation group.
At the zero order, we take multispace Ᏹ n+1 of rank n + 1. Let ρ : Ᏹ n+1 → Ᏹ n be the projection map defined by η α = ξ α −ξ n+1 , and consider the preimage of ᐃ ⊂ Ᏹ n . Because ᐃ is an orbit of Gl(n), we find that ρ −1 ᐃ is an orbit of the affine group. The invariant sheaf is consequently the constant sheaf. Consider the projection ρ :
variants for Gl(n) are pulled back upon the former bundle via ρ. Then, homogenization with respect to the zero-order coordinates produces invariants with respect to the affine group. We omit their derivation. The same procedure applies to the top-order terms. The same remarks are valid for invariant parameters.
The second-order transformation groups
7.1. The projective group 7.1.1. Zero-order invariants. Recall that Pl(n) = Gl(n + 1)/ ± e λ · Id n . Then, dim Pl(n) = n(n + 2). If n is odd, we find Pl(n) = Sl(n + 1), while, in case n is even, we find Pl(n) = Sl(n + 1)/ ± Id. By direct verification, we find that the stabilization order in Ᏹ r equals n + 2.
Proof. The set ∆(k 1 ,...,k n+1 ) = 0 is invariant under translations; hence, by means of a translation, we choose ξ n+1 = 0. Using the transformation formulã
we find
which proves statement (a). To prove (b), we remark that the set of fundamental vector fields drops rank at ξ if and only if ξ ∈ Σ.
Proposition 7.2. The regular subset ᐃ = Ᏹ n+2 \ Σ is an orbit of Pl(n).
Proof. At each point of ᐃ, the set of fundamental vector fields span the tangent space. The singular subset Σ is closed in Ᏹ n+1 ; hence, ᐃ is an open subset. On the other hand, it is not hard to prove that, given two pointsξ 1 and ξ 2 in ᐃ, there exists an element in g ∈ Pl(n) such thatξ 2 = g ·ξ 1 (ξ 1 ,...,ξ n ,ξ n+1 , 0) . Using the transformation (7.2), we find that
for k = 1,...,n. Rewriting this system as 5) we find that the determinant of this system is different from zero on ᐃ, and hence, the system yields an unique solution.
Corollary 7.3. The sheaf of invariants on the zero-order level ᐃ ⊂ Ᏹ n+2 is constant.
Because the subset ᐃ is an orbit of the projective group, it inherits all the properties of the group. The set of fundamental vector fields {X a } has rank n(n + 2) on ᐃ. Again, we define X a = A (7.6) where (e a ) is a basis for the Lie algebra pl (n), determines an isomorphism ω :
As a consequence, the n canonical ad-invariant forms {q 2 ,...q n+1 } on pl (n) define the invariant symmetric tensors
for i = 2,...,n+ 1. The form Φ 2 defines a pseudo-Riemannian metric on ᐃ.
Higher-order invariants.
Consider the space (1,0,...,0) 
and the canonical identification j :
i be the restrictions of the tensors Φ i to the fibre of π : (1,0,...,0) .
(2) The regular subset ᐃ (1,0,...,0) is foliated by orbits of Pl(n).
The construction applies to all higher orders.
Lemma 7.5. The singular subset in (l,0,...,0) Ᏹ n−l+3 is given by The top-order invariants are obtained for l = n+2. Remark that, in this case, the tangent space to the first layer coincides with the tangent bundle of the jet bundle. The lifts of the ad-invariant forms are nothing else but their lifts to the tangent bundle of the group. Remark 7.7. In each case, the function j * Φ 2 determines a semi-Riemannian metric on the appropriate jet bundle over the first layer. Normalization of a layer curve with running point in the first layer fixes a projective invariant parameter on the curve. In case n = 1, this parameter is determined by the Schwarzian derivative as will be shown in (7.14).
We present some results in low dimensions.
Projective transformations on E
1 [6] . Consider the action of Sl(2) on
(1) Consider Ᏹ 3 = E x × E y × E z . The fundamental vector fields on Ᏹ 3 are
The singular subset is given by vanishing of the Vandermonden determinant Σ : (y − x)(z − x)(z − y) = 0. Consider a regular layer curveγ(t) with running point y(t) and lying in the regular subset ᐃ = Ᏹ 3 ⊂ Σ. Then, the norm of the tangent taken with respect to the layer metric g is given by
from which it follows that the curve is always lying outside the null cone of the metric.
The fundamental vector fields are
The singular subset is given by Σ = (y − x) 2 y = 0. Again, we consider a regular layer curveγ(t) with running point y(t) lying outside Σ. Then, 12) with g the layer metric. This curve is either lying outside the null cone or on the null cone of the metric.
The fundamental vector fields are now 13) and singular subset Σ :
which lies inside or outside the null cone of the metric. The last invariant equals minus 4 the well-known Schwarzian derivative in projective geometry [21, 26] . Notice that any regular curve in E is in the regular subset of the projective action.
Remark 7.8. In each of the cases, we have a parameter along the curve such that g(γ ,γ ) = constant which determines a projective invariant parameter.
2 . In this section, we study the pro-
The one-parameter groups generated by the standard basis vectors in Pl(2) define through the action on E the set of fundamental vector fields on E given by 
19)
The image is the (n + 1)-fold product of punctured n dimensional spheres. We will denote the image also by σ . Let P be the plane containing these spheres which is given by z Proof. The number of functions in the set Φ α equals α − 1. Hence, the number of functions in Ᏽ ᐃ n+1 equals r −2 i=2 i, which proves the proposition.
Using the results for the orthogonal group O + (1,n + 1), we find that ᐃ n+1
is foliated by orbits of maximal dimension which are level surfaces of the invariant set Ᏽ ᐃr .
Higher-order invariants.
In case n = 2, the conformal group acts prehomogeneously on the space Ᏹ 3 . Let ᐃ 1 be the regular subset of (1, 0, 0) The extra invariant generator is given by the layer metricq 1 2 , which is nothing but the restriction of the metricq 2 to the first-layer tangent bundle.
This brings us to the following theorem.
Theorem 7.14. Let ᐃ be the regular subset of (1, 0 is the natural jet bundle embedding.
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